Abstract. It is proven that, for any affine supermanifold M equipped with a constant odd symplectic structure, there is a universal action (up to homotopy) of the Grothendieck-Teichmüller Lie algebra grt on the set of quantum BV structures (i. e., solutions of the quantum master equation) on M .
Introduction
The Grothendieck-Teichmüller group GRT is a pro-unipotent group introduced by Drinfeld in [Dr] ; we denote its Lie algebra by grt. It is shown in this paper that, for any affine formal Z-graded manifold M over a field K equipped with a constant degree 1 symplectic structure ω, there is a universal action (up to homotopy) of the group GRT on the set of quantum BV structures on M , that is, on the set of solutions, S, ∆S + 1 2 {S, S} = 0, of the quantum master equation on M (see [Sc] for an introduction into the geometry of the BV formalism). This action is induced by, in general, homotopy non-trivial L ∞ automorphisms of the corresponding dg Lie algebra (O M [Wi] we show in Sect. 2 that
In Sect. 3 we explain how to use this isomorphism of Lie algebras to define a universal homotopy action of grt on the set of quantum BV structures on any affine odd symplectic manifold M .
A variant of the Kontsevich graph complex
2.1. From operads to Lie algebras. Let P = {P(n)} n≥1 be an operad in the category of dg vector spaces with the partial compositions
• i a makes the vector space P := n≥1 P(n) into a dg Lie algebra [KM] ; moreover, the bracket descends to the space of coinvariants P S := n≥1 P(n) Sn and restricts to the subspace of S-invariants, P S := n≥1 P(n) Sn making these vector spaces into dg Lie algebras as well.
2.
2. An operad of graphs and the Kontsevich graph complex. For any integers n ≥ 1 and l ≥ 0 we denote by G n,l a set of graphs 1 , {Γ}, with n vertices and l edges such that (i) the vertices of Γ are labelled by elements of [n] := {1, . . . , n}, (ii) the set of edges, E(Γ), is totally ordered up to an even permutations. For example, 1 2
• • ∈ G 2,1 . The group Z 2 acts freely on G n,l by changes of the total ordering; its orbit is 1 A graph Γ is, by definition, a 1-dimensional CW -complex whose 0-cells are called vertices and 1-dimensional cells are called edges. The set of vertices of Γ is denoted by V (Γ) and the set of edges by E(Γ).
denoted by {Γ, Γ opp }. Let K G n,l be the vector space over a field K spanned by isomorphism classes, [Γ] , of elements of G n,l modulo the relation 2 Γ opp = −Γ, and consider a Z-graded S n -module,
Note that graphs with two or more edges between any fixed pair of vertices do not contribute to Gra(n) so that we could have assumed right from the beginning that the sets G n,l do not contain graphs with multiple edges. The S-module, Gra := {Gra(n)} n≥1 , is naturally an operad with the operadic compositions given by
is the subset of G n+m−1,#E(Γ1)+#E(Γ2) consisting of graphs, Γ, satisfying the condition: the full subgraph of Γ spanned by the vertices labeled by the set {i, i + 1, . . . , i + m − 1} is isomorphic to Γ 2 and the quotient graph, Γ/Γ 2 , obtained by contracting that subgraph to a single vertex, is isomorphic to Γ 1 . The sign (−1) σΓ is determined by the equality
The unique element in G 1,0 serves as the unit element in the operad Gra. The associated Lie algebra of S-
) is denoted, following notations of [Wi] , by fGC 2 . Its elements can be understood as graphs from G n,l but with labeling of vertices forgotten, e.g.
It is easy to check that • • is a Maurer-Cartan element in the Lie algebra fGC 2 . Hence we get a dg Lie algebra,
) whose dg subalgebra, GC 2 , spanned by connected graphs with at least trivalent vertices is called the (odd) Kontsevich graph complex [Ko1] . We refer to [Wi] for a detailed explanation of why studying the dg Lie subalgebra GC 2 rather than full Lie algebra fGC 2 should be enough for most purposes. One of the main theorems of [Wi] asserts an isomorphism of Lie algebras,
For i ≤ −2 this statement was proven in [Wi] . The case i = −1 can be shown by varying one of the proofs therein. Since introducing the necessary notation and prerequisites would be raher lengthy, we take the liberty to copy them from [Wi] . The objects we need are:
• Deformation complexes of operad maps.
• The Drinfeld-Kohno (operad of) Lie algebras t.
• M. Kontsevich's Graphs operad.
• In particular the deformation complexes Def(Com ∞ → t[1]) and Def(G ∞ → Graphs), and the connected part (in an appropriate sense) Def(G ∞ → Graphs) conn ( [Wi] , Section 4 and Appendix B). Furthermore we need some facts proven in [Wi] . Let for brevity
• H 2 is connected to the cohomology of the graph complex by the formula
The class R corresponds to a deformation of Gerstenhaber algebra structures by a relative rescaling of the bracket and the product. The classes R[2 − j] correspond to loop graphs, i.e., graphs with all vertices bivalent. Call those classes the "rescaling" class and the "loop" classes (see [Wi] , Theorem 2 and section 3).
• H 1 and H 2 are connected to each other by canonical maps
such that the composition H 1 → H 2 → H 1 is the identity and such that the composition H 2 → H 1 → H 2 is the identity on the subspace H(GC 2 )[−1] (see [Wi] , section 5). It follows that H 1 injects into H 2 , and is "at least as big" as H(GC 2 )[−1]. It is not clear a priori how big H 1 is, but this is settled by the following proposition.
2.2.2. Proposition.
The additional class is given by the map sending the (co)generator of Lie * {1} (i.e., the cobracket) to the generator t 12 of t. It corresponds to the "1-loop class" in H 2 .
With this proposition at hand, the proof of Theorem 2.2.1 reduces to degree counting.
Proof of Theorem 2.2.1. By definition
Any element of Lie * {1}(n) has degree 1 − n. Hence maps in the n-th factor have degree
live in degrees ≥ −1, with the part of degree k contributed by the factor in the above product for n = k + 3. For n = 2, both Lie * {1}(n) and t n are one-dimensional, and the only possible element of the deformation complex represents indeed a nontrivial cohomology class, as can be easily checked. It is this class that contributes the factor R[1] in the proposition above. Hence, by Proposition 2.2.2, this class does not live in the graph complex. It follows that all cohomology in the graph complex must come from n ≥ 3 and hence live in non-negative degrees.
Proof of Proposition 2.2.2. Given what was said above, it remains to be shown that H 1 contains the 1-loop class and does not contain any other loop and the rescaling class. The description of the 1-loop class as a class in H 1 is contained in the proposition already. (It is an elementary verification that the given map describes a nontrivial class and that it corresponds to the 1-loop class.) To go further, one needs three additional ingredients from [Wi] .
• All complexes occuring here have an interpretation as certain graph complexes. The differential on those complexes always creates one edge and one vertex, and hence all cohomology classes can be taken to be homogeneous with respect to both the gradings by the numbers of vertices and edges.
• The rescaling class corresponds to a graph with 2 vertices and 1 edge. The j-loop class corresponds to a graph with j + 1 vertices and j + 1 edges.
• The complex Def(Com ∞ → t[1]) is quasi-isomorphic to a complex C (see [Wi] , section 4.2), given by graphs with n + 1 vertices and k ≥ (3n+1) 2 edges, where n ≥ 1 and k can vary. One easily sees that there is no value of n, k that would produce 2 vertices and 1 edge. Hence the rescaling class cannot live in H 1 = H(C). Similarly, consider the j-loop class. If it is contained in H 1 then n+1 = j +1 and
. But this implies n ≤ 1, hence n = 1. Hence only the 1-loop class is contained in H 1 .
A variant of the Kontsevich graph complex.
The graph • • ∈ fGC 2 has degree −1 and satisfies 
with the differential equal to ∆. As H 0 (GC 2 , d) ≃ grt and H ≤−1 (GC 2 , d) = 0, we get the desired result.
2.4. Remark. Let σ be an element of grt and let Γ
σ be any cycle representing the cohomology class σ in the graph complex (GC 2 , d). One can obtain such a representative either by an iteration procedure explained in [Wi] or as an explicit sum Γ∈G 1irr 2k,4k−2 c Γ Γ, for some k ≥ 1, where c Γ is an integral, C 2k,0 Ξ Γ , of a certain top degree differential form Ξ Γ over a compactification, C 2k,0 , of the configuration space of 2k points in the upper half plane, and G 1irr 2k,4k−2 is a subspace of G 2k,4k−2 consisting of 1-vertex irreducible graphs (see [Me] for details). Then one can construct a cycle,
representing the cohomology class σ ∈ grt in the complex (
) by the following induction:
n-th step: Assume we have constructed a polynomial
σ ) = 0, and, as
It is these -dependent additions to Γ
σ in Γ σ which make the action of GRT on quantum master functions different from its action on Poisson structures.
3. Quantum BV structures on odd symplectic manifolds 3.1. On L ∞ automorphisms of L ∞ algebras. Let g = ⊕ ı∈Z g i be a Z-graded Lie algebra admitting a bounded above Hausdorff filtration, 
We are interested in the particular case when g is the Lie algebra, CE
of the standard graded co-commutative coalgebra, ⊙ •≥1 (V [2] ), co-generated by a vector space V . Then the set MC(CE • (V, V )) can be identified with the set of L ∞ structures 3 on the space V . Any element V ) ) which leaves the point γ invariant. Such an element e g can be interpreted as a L ∞ automorphism of the L ∞ algebra (V, γ). Moreover, if the cohomology class of g in
3 In our grading conventions the degree of n-th L∞ operation on V is equal to 3 − 2n.
3.2. Quantum BV manifolds. Let M be a (formal) Z-graded manifold equipped with an odd symplectic structure ω (of degree 1). There always exist so called Darboux coordinates, (x a , ψ a ) 1≤a≤n , on M such that |ψ a | = −|x a | + 1 and ω = a dx a ∧ dψ a . The odd symplectic structure makes, in the obvious way, the structure sheaf O M into a Lie algebra with brackets, { , }, of degree −1. A less obvious fact is that ω induces a degree −1 differential operator, ∆ ω , on the invertable sheaf of semidensities, Ber (M ) 1 2 [Kh] . Any choice of a Darboux coordinate system on M defines an associated trivialization of the sheaf Ber (M ) 1 2 ; if one denotes the associated basis section of Ber (M ) 1 2 by D x,ψ , then any semidensity D is of the form f (x, ψ)D x,ψ for some smooth function f (x, ψ), and the operator ∆ ω is given by
Let be a formal parameter of degree 2. A quantum master function on M is an -dependent semidensity D which satisfies the equation
and which admits, in some Darboux coordinate system, a form
of total degree 2. In the literature it is this formal power series in which is often called a quantum master function. Let us denote the set of all quantum master functions on M by QM(M ).
It is easy to check that the equation ∆ ω D = 0 is equivalent to the following one, The constant odd symplectic structure on M makes V into a representation,
of the operad Gra := {Gra(n)} n≥1 as follows:
where, for an edge e connecting vertices labeled by integers i and j,
and π is the multiplication map,
This representation induces in turn a morphism of dg Lie algebras,
and hence a morphism of their cohomology groups,
Let σ be an arbitrary element in grt and let Γ σ be a cycle representing σ in the graph complex (GC 2 if convergent, gives again a quantum master function. This is the acclaimed homotopy action of GRT on QM(M ) for any affine odd symplectic manifold M .
3.4. Remark. In QFT one often works with quantum master functions S which are formal power series in the Darboux coordinates rather than real analytic functions. In that case one should view u as a degree 0 formal parameter so that the adjoint action of e uΦ Γ σ ∈ G (1) on C 
